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Topological Properties of Time Reversal Symmetric Kitaev Chain and Applications to Organic
Superconductors
E. Dumitrescu and Sumanta Tewari
Department of Physics and Astronomy, Clemson University, Clemson, SC 29634, USA
We show that the pair of Majorana modes at each end of a 1D spin triplet superconductor with total Cooper
pair spin Sx = 0 (i.e., ∆↑↑ = −∆↓↓ = p∆0; two uncoupled time reversed copies of the Kitaev p-wave
chain) are topologically robust to perturbations such as mixing by the Sz = 0 component of the order parameter
(∆↑↓ = ∆↓↑), transverse hopping (in quasi-1D systems), non-magnetic disorder, and also, most importantly, to
time reversal breaking perturbations such as applied Zeeman fields/magnetic impurities and the mixing by the
Sy = 0 component of the triplet order parameter (∆↑↑ = ∆↓↓). We show that the robustness to time reversal
breaking results from a hidden chiral symmetry which places the system in the BDI topological class with an
integer Z invariant. Our work has important implications for the quasi-1D organic superconductors (TMTSF)2X
(X=PF6, CIO4) (Bechgaard salts) which have been proposed as triplet superconductors with equal spin pairing
(∆↑↑,∆↓↓ 6= 0,∆↑↓ = 0) in applied magnetic fields.
PACS numbers: 03.65.Vf, 71.10.Pm, 03.67.Lx
It was shown by Read and Green [1] that 2D spinless p-
wave superconductors host zero energy Majorana fermion
(MF) excitations (with second quantized operator γ satisfy-
ing γ† = γ) in order parameter defects such as vortices and
edges. Kitaev showed [2] that the 1D version of the same sys-
tem (henceforth called “Kitaev p-wave chain”) can host MFs
at the chain ends which can be used for topological quantum
computation (TQC) [3]. Recently, MFs have been proposed to
exist in systems closely analogous to the spinless p-wave su-
perconductors/superfluids such as heterostructures of topolog-
ical insulators and s-wave superconductors [4], cold fermion
systems with Rashba spin orbit coupling, Zeeman field, and
an attractive s-wave interaction [5, 6], and also, heterostruc-
tures of spin-orbit coupled semiconductor thin films [7, 8] or
nanowires [8–10] proximity coupled with s-wave supercon-
ductors and a Zeeman field. There have been recent claims
of experimental observation of MFs in the semiconductor het-
erostructure which have attracted considerable attention [11–
20]. In concurrent developments recent work [21–23] has es-
tablished that the quadratic Hamiltonians describing gapped
topological insulators and superconductors can be classified
into 10 distinct topological symmetry classes that can be char-
acterized by certain topological invariants. The symmetry
classification of a given system is important as it provides an
understanding of the effects of various perturbations on the
stability of the protected surface modes such as the MFs. Gen-
erally speaking, if a given perturbation breaks a symmetry,
the surface zero energy modes of the corresponding symme-
try protected topological state acquire non zero energy and are
removed by that perturbation.
Although the 1D spinless Kitaev chain has un unphys-
ical Hamiltonian, quasi-1D spin-triplet superconductivity
has been proposed in a class of organic superconductors
(TMTSF)2X (Bechgaard salts, X=PF6, ClO4) in the presence
of applied magnetic fields [24–27] (It has also been proposed
recently in Li0.9Mo6O17 [31]). The Bechagaard salts are
quasi-one-dimensional charge transfer salts exhibiting pres-
sure induced superconductivity with abnormally high upper
critical fields Hc2 [25]. The precise form of the order param-
eter is not completely known, but there is evidence, at least
in the presence of a magnetic field, that the superconducting
state is consistent with an equal-spin-pairing (ESP) p-wave
phase [24–30]. Such a phase with ∆↑↑,∆↓↓ 6= 0,∆↑↓ = 0
realizes two independent copies of the Kitaev p-wave chain,
one for each spin sector. By continuity from Kitaev’s argu-
ment [2], since the two spin sectors are uncoupled, one ex-
pects a pair of MFs (one from each spin sector) at each end
of the chains. (The average spin-polarizations of the MFs are
zero, however, since they are an equal superposition of par-
ticles and holes within a single spin sector.) Nevertheless,
since for ∆↑↑ = −∆↓↓ = p∆0 (henceforth called the “TR-
symmetric Kitaev chain”) the Hamiltonian is symmetric under
time reversal, it may appear that the pair of MFs at a given end
are protected by the TR symmetry, the topological class being
DIII with a Z2 invariant. A consequence of this would be the
MFs in (TMTSF)2X (or in Li0.9Mo6O17) would acquire a gap
in the presence of Zeeman fields and/or magnetic impurities
and would be difficult to observe experimentally.
In this paper we show that the pair of MFs at each end of a
TR-symmetric Kitaev chain are in fact topologically robust to
a large class of perturbations including mixing by the Sz = 0
component of the order parameter (∆↑↓ = ∆↓↑), transverse
hopping (for quasi-1D systems), non-magnetic disorder, and
also, importantly, to perturbations that explicitly break the TR
symmetry such as Zeeman fields/magnetic impurities (in two
orthogonal directions in spin-space) and perturbations render-
ing |∆↑↑| 6= |∆↓↓| (i.e., mixing by the Sy = 0 component
of the order parameter, ∆↑↑ = ∆↓↓ = p∆1). Note that such
TR-breaking perturbations are likely to be present in the ex-
periments as the evidence for the possible spin-triplet order
in Bechgaard salts is found only in the presence of magnetic
fields [24–26]. We show that the topological robustness to the
TR-breaking perturbations results from a hidden chiral sym-
metry that places the TR-symmetric Kitaev chain in the BDI
topological class with an integer Z invariant. The integer in-
variant is equal to the number of MF modes at each end pro-
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FIG. 1. (Color online) (a) Low energy BdG quasiparticle spectrum
for TR-symmetric Kitaev chain corresponding to Eq. (1) which hosts
a pair of Majorana Fermions. The parameters used are as follows:
∆0 = 0.5meV, µ = 0.75 meV, N = 300 sites, a = 15 nm, cor-
responding to a wire length of 4.5µm and a hopping amplitude of
t = 11meV. (b) The response of the low energy spectrum to the TR-
breaking perturbations given in Eq. (2). We have added bulk Zeeman
splitting (red circles, Vy, Vz = 0.4 meV), magnetic impurity (blue
squares) at wire endpoints of magnitude Jy , Jz = 1 meV, and mix-
ing by the Sy = 0 (Sz = 0) component of the order parameter
∆↑↑ = ∆↓↓ = 0.5∆0, green diamonds (∆↑↓ = ∆↓↑ = 0.5∆0,
yellow triangles). (c) Zeeman splitting in the xˆ direction (Vx = 0.1
meV, red circles) and localized at the endpoints (Jx = 0.5 meV, blue
squares) split the MFs to finite energy
tected by the chiral symmetry. In quasi-1D systems with mul-
tiple coupled chains the Z invariant can take arbitrary integer
values equal to the number of the chains. Our work clari-
fies the topological properties of the doubled Kitaev chains
and the related quasi-1D superconductors with a spin-triplet p-
wave order parameter. Additionally, our work shows that the
MFs and the resultant zero bias tunneling peak [32, 33] and
the fractional ac Josephson effect [2, 34] should be topolog-
ically robust and experimentally observable in (TMTSF)2X
and Li0.9Mo6O17.
We begin with the 1D electronic tight binding Hamiltonian
for a pair of Kitaev chains in uncoupled spin sectors,
H1 =
∑
i,α
(−tc†iαci+1,α − µc
†
iαciα +∆ααc
†
iαc
†
i+1α + h.c.),
(1)
where i = 1, ..., N represents the lattice sites and α =↑, ↓
is the spin index. The first term in Eq. (1) represents the ki-
netic energy, µ is the chemical potential and ∆αα is the ESP
p-wave superconducting pair potential. For a finite wire we
first solve the BdG equations corresponding to Eq. (1) for the
TR-symmetric case, ∆↑↑ = −∆↓↓ = p∆0 (see below for
the TR-invariance of the doubled Kitaev chain). As shown in
Fig. (1a), the low-energy spectrum for this system contains a
total of four zero energy modes (two on each end) separated
by a finite gap on each side. The wave functions for the pair of
zero modes at each end are such that the corresponding second
quantized operators satisfy the Majorana condition, γ†i = γi.
We examine the stability of the MFs against the TR-
breaking perturbation Hamiltonian H2,
H2 =
∑
i,α,α
′
[(~V · ~σ)α,α′ c
†
iαciα′ + J(
~Si · ~σ)α,α′ c
†
iαciα′
+ ∆1(c
†
i↑c
†
i+1↑ + c
†
i↓c
†
i+1↓) + h.c]. (2)
The first term in Eq. (2) represents an applied Zeeman field
~V = (Vx, Vy, Vz), the second term represents magnetic im-
purities localized at site i with spin ~Si and coupling constant
J , and the third term ∆1 adds an Sy = 0 component to the
triplet order parameter. All three terms break the TR sym-
metry (note that the term ∆1, added to a state with Sx = 0,
makes the magnitudes of the order parameter in the two spin
sectors unequal, |∆↑↑| 6= |∆↓↓|). Additionally, we checked
the robustness of the MFs to TR-invariant perturbations such
as (∆↑↓ = ∆↓↑ = p∆2), non-magnetic disorder, and, for mul-
tiple coupled chains, to hopping in the transverse directions.
Since the spin-orbit coupling in the organic superconductors
is negligible [26] we have not included a Rashba spin-orbit
term in the perturbation Hamiltonian.
Fig. (1b) shows the low energy BdG spectrum of the full
Hamiltonian H = H1 + H2. The pair of MFs at each end
remain protected to perturbations such as Zeeman fields and
magnetic impurities along two transverse directions, and also
to mixing by the Sy = 0 and Sz = 0 components of the triplet
order parameter. In addition we have also found (not shown in
Fig. 1) that the MFs are robust to non-magnetic disorder and to
transverse hopping (in a quasi-1D system). However we find
that a Zeeman field along x (Vx) splits the MFs to finite energy
±ǫ as illustrated in Fig. (1c). Nevertheless, since the MFs are
robust to TR-breaking perturbations such as bulk Vy and Vz
as well as magnetic impurities and mixing by the Sy = 0
component of the order parameter, the topological robustness
of the MFs cannot be explained by the time reversal symmetry.
To understand the topological properties of the TR-
symmetric Kitaev chain we rewrite H1 in Eq. (1) (for ∆↑↑ =
−∆↓↓ = p∆0) as, as H1 =
∑
k Ψ
†
kH1(k)Ψk where,
H1(k) = (−2t cos(k)− µ)σ0τz +∆0 sin(k)σzτx, (3)
and the perturbation Hamiltonian H2 as H2 =∑
k Ψ
†
kH2(k)Ψk with,
H2(k) = Vxσxτz +Vyσyτ0+Vzσzτz +∆1 sin(k)σ0τx, (4)
where σi and τi are the Pauli matrices in the spin and
the particle-hole spaces, respectively. Here we have
used the coupled spin and particle-hole basis, Ψk =
(ck↑, ck↓, c
†
−k↑, c
†
−k↓)
T
, and have replaced kx by k. Using
the time reversal operator Θ (Θ=iσyτ0K) and the particle-
hole operator Ξ (Ξ = σ0τxK) in this basis, where K is the
complex conjugation operator, it is easy to see that H1 is
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FIG. 2. (Color online) Parametric plots of Re(Det(A(k))) and
Im(Det(A(k))) as the momentum k is varied through the 1D Bril-
louin zone from k = −pi and pi. (a) The winding of the angle
θ(k) for the TR-symmetric Kitaev chain in the topologically non-
trivial (red) and trivial (blue) phases corresponding to |µ| < 2t and
|µ| > 2t, respectively, indicating the existence of 2 and 0 MFs at
each end. (b) The winding number in the presence of perturbation
(∆↑↑ = ∆↓↓ = 0.5∆0), and 3 values of the Zeeman splitting,
Vy, Vz = 0.5µ (red), 1.5µ (blue), and 3.3µ (purple). With increasing
Zeeman fields, the Fermi surfaces disappear in turn and W decreases
from 2 (red) to 1 (blue) to 0 (purple) indicating the corresponding
disappearance of the MFs.
TR-invariant (ΘH1(k)Θ−1 = H1(−k)) and has the particle-
hole symmetry (ΞH1(k)Ξ−1 = −H1(−k)). To understand
the origin of the chiral symmetry, we introduce the operator
O = −iσzτzK, with O2 = I , under which the Hamiltonian
is invariant (OH1(k)O−1 = H1(−k)). The presence of O
and the particle-hole symmetry Ξ implies that H1 has the chi-
ral symmetry, {H,S} = 0, where S = O · Ξ = σzτy is
the chirality operator and {.} indicates the anti-commutator.
The anti-commutation with S and commutation withO, along
with O2 = I , imply that the TR-symmetric Kitaev model is in
the topological class BDI with an integer (Z) winding number
invariant W [21, 23, 35, 36]. Note that all the perturbations in
Eq. (4), including non-magnetic disorder and transverse hop-
ping, except Vx (and a magnetic impurity polarized along x),
respect the chiral symmetry S. As shown in Fig. 1, a pertur-
bation Vx (and Jx), therefore, remove the MFs and create a
gap.
To calculate W we off-diagonalize the Hamiltonian in
Eq. (3),
H
′
= UHU † =
(
0 A(k)
A†(−k) 0
)
, (5)
and write the determinant of A(k) in a complex polar form,
Det(A) = |Det(A)|eiθ(k). The winding number W is then
given by [35] W = 1/(2π) ∫ pi
−pi
dθ(k). In Fig. (2a), we show
the winding number in the topologically non-trivial and triv-
ial phases of the TR-symmetric Kitaev chain. The winding
number is 2 (0) in the topologically non-trivial (trivial) phases
indicating the existence of 2 (0) topologically protected MFs
on a given end. In Fig. (2b) we show that the winding num-
ber is 2 even in the presence of the perturbations Vy , Vz and
∆↑↑ = ∆↓↓ 6= 0 (red curve). This explains the topological
robustness of the pair of MFs on a given end of the finite wire
a)
-20 -15 -10 -5
-0.2
-0.1
0.1
0.2
æææ
ææææ
ææ
ææ
ææ
ææææ
ææ
ææ
ææ
ææææ
æææ
à
àààà
àà
àà
àà
àà
àà
àà
àà
àà
àà
àààà
àà
à
b)
-15 -10 -5 0 5 10 15
-0.3
-0.2
-0.1
0.0
0.1
0.2
0.3
N
E
Hm
eV
L
c)
-20 -15 -10 -5
-1.5
-1.0
-0.5
0.5
1.0
1.5
æææ
æ
æ
æ
æ
æ
ææ
ææ
ææ
ææ
ææ
ææ
ææ
æ
æ
æ
æ
æ
æææ
àà
àà
à
à
à
à
àà
àà
àà
àà
àà
àà
àà
à
à
à
à
àà
ààd)
-15 -10 -5 0 5 10 15
-0.5
0.0
0.5
N
E
Hm
eV
L
FIG. 3. (a) The winding of the angle θ(k) for the (Sy = 0) Kitaev
chain with∆↑↑ = ∆↓↓ with the two spin sectors uncoupled (red) and
coupled by a Zeeman splitting Vy = 0.25 meV (blue). In both cases
W = 0. (b) Low energy BdG spectrum for the uncoupled spins (red
circles) shows 2 topologically unprotected MFs at each end. Since
the MFs are unprotected (see text), even a chiral symmetric perturba-
tion Vy = 0.25 meV splits them to finite energy (blue squares). (c)
Increasing the Zeeman splitting in the zˆ direction (Vz > µ) drives
the system through a topological phase transition into a phase with
winding number W = 1. We show the winding for uncoupled spins
(red) and with additional Zeeman splitting Vy = 0.25 meV (blue).
(d) Low energy BdG spectrum in the W = 1 regime for uncoupled
spins (red circles) and in the presence of Vy (blue squares) illustrat-
ing the topological protection of the MF.
(Fig. (1)). In Fig. (2b), blue and purple curves indicate the
evolution of W with increasing Zeeman fields Vy, Vz . Even
though the chiral symmetry is still unbroken, the Zeeman field
can change the value of W from 2→ 1→ 0, indicating a cor-
responding decrease of the number of MFs on a given end.
Physically, the Zeeman field reduces the number of MFs by 1
by removing the Fermi surfaces in turn.
Next we consider the Hamiltonian in Eq. (1) with ∆↑↑ =
∆↓↓ (ESP phase with Sy = 0). In this phase, as we show
in Fig. (3a), the winding number W = 0 (red curve). Al-
though W = 0, since the two spin sectors are uncoupled and
each sector hosts a single MF, the system has a total of 2 MFs
on a single end. However, in this case, the pair of MFs are
accidental with respect to the chiral symmetry S, meaning
that they are not topologically protected by S. We see the ab-
sence of the topological protection in Fig. (3b) where a small
Zeeman field Vy , even though it respects the symmetry under
S (see Eq. (4)), still removes the MFs from the chain ends.
Fig. (3c,3d) illustrate the fact that in the Sy = 0 phase, a field
Vz > µ can remove one of the Fermi surfaces, resulting in the
winding number increasing from 0 to 1 (Fig. (3c)), which is
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FIG. 4. (a) Low energy BdG spectrum of four parallel chains coupled
by transverse hopping ty. ty/tx = 0.2, 0.75, 1.5 correspond to 8
(red circles), 6 (blue circles), and 4 (green diamonds) MFs at each
end. (b) Quasiparticle gap closing and TQPT (separating phases with
different number of MFs) tuned by the transverse hopping. Panels (c,
d) show the bulk energy-momentum dispersion in the gapped regime
with 8 MFs and as the bulk gap closes leading to the regime with 6
MFs at each end.
then protected by the chiral symmetry S. We note in passing
that the pair of MFs in the Sy = 0 phase are also protected
to Vx, Vz , but this protection is provided by a different chiral
symmetry S˜ = σ0τy . The topological properties of a general
1D spinful p-wave superconductor are beyond the scope of the
present paper and will be taken up in a future publication.
To illustrate the possibility for higher integer values of W
(and, correspondingly, higher number of protected MFs per
end) we now consider multiple chains coupled in the trans-
verse directions by hopping parameters ty, tz . Since in the
Bechgaard salts tx : ty : tz = 1 : 0.1 : 0.03 we consider
only the effects of ty . In the limiting case ty → 0 there ex-
ist a set of degenerate 1D chains each hosting 2 MFs at each
end. A small hopping between the chains ty ≪ tx breaks this
degeneracy. Despite the degeneracy breaking, the additional
terms in the Hamiltonian do not break the chiral symmetry
and the multi-chain problem is still described by the winding
number W (suitably defined for a larger dimensional H). If
ty ≪ tx between N conducting chains, such that the con-
finement energy is much smaller than the chemical potential,
the system will accommodate 2N sets of Majorana fermions.
As the strength of ty increases the confinement energy lifts
the energy of the bands above µ such that they are no longer
occupied. Thus the number of MFs localized at an end (and
the value of W ) goes down in pairs. As shown in Fig. (4), at
each jump of the value of W , the superconducting quasipar-
ticle gap closes and the system passes through a topological
quantum phase transition (TQPT).
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FIG. 5. (a) Low energy ABS spectrum as a function of φ for TR-
symmetric Kitaev chain with parameters as in Fig. 1. Each red curve
is twofold degenerate. (b) TR-breaking bulk Zeeman fields Vy, Vz =
.25 meV lift the degeneracy but preserves the 4pi periodicity of the
spectrum. (c) Adding the order parameter component with ∆↑↑ =
∆↓↓ = 0.5∆0, although it breaks the TR symmetry, preserves the 4pi
periodicity (d) The spectrum with Vx = 1 meV added to the junction
breaks chiral symmetry and results in a conventional 2pi Josephson
effect.
The MFs in 1D chiral symmetric topological superconduc-
tors can be probed by differential tunneling conductance from
the ends [37]. In a butt-to-butt Josephson set up between two
1D chiral TS there exists a stable Majorana quartet (two MFs
on each side of the junction). The energy levels of the junc-
tion plotted as a function of the phase difference φ is 4π pe-
riodic [34], giving rise to a 4π periodic Josephson effect (see
Fig. (5a)). As shown in Figs. (5b, 5c), the topological robust-
ness due to chiral symmetry ensures that the single crossing
of the E vs. φ curves at φ = π is stable to perturbations in-
cluding those breaking TR symmetry. In Fig. (5d) we show
that the 4π periodicity of the curves is broken only by adding
a Zeeman field Vx that breaks the chiral symmetry S.
In summary we show that the pair of MFs at each end
of a 1D TR symmetric Kitaev p-wave chain are topolog-
ically robust to a large number of perturbations including
those breaking TR symmetry. We identify the appropriate
topological class to be BDI with an integer (Z) invariant
the value of which gives the number of topologically pro-
tected MFs at each end. In addition to the topological prop-
erties of the TR-symmetric Kitaev chains, our results estab-
lish the organic superconductors (TMTSF)2X (X=PF6, ClO4)
and Li0.9Mo6O17, which have been proposed [24–26] to be
quasi-1D equal-spin-pairing p-wave superconductors, as suit-
able platforms for experimental studies of MFs.
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